
Quantum Harmonics in Fractal Resonance 

Dr. Kaida Reyes, Dr. Julian Stellan 

Max Planck Institute for Theoretical Physics, Göttingen, Germany 

 

Abstract²,Q WKLV SDSHU WKH SUREOHP RI D PL[HG0RGH 

FUDFN 
HPEHGGHG LQ DQ LQILQLWH PHGLXP PDGH RI D 

IXQFWLRQDOO\ JUDGHG SLH]RHOHFWULF 

PDWHULDO)*30 ZLWK FUDFN VXUIDFHV VXEMHFWHG 

WR HOHFWURPHFKDQLFDO ORDGLQJV LV 

LQYHVWLJDWHG (ULQJHQ¶V QRQORFDO 
WKHRU\ RI HODVWLFLW\ LV DGRSWHG WR IRUPXODWH 

WKH JRYHUQLQJ HOHFWUR 
HODVWLF HTXDWLRQV 7KH SURSHUWLHV RI WKH 

SLH]RHOHFWULF PDWHULDO DUH DVVXPHG WR YDU\ 

H[SRQHQWLDOO\ DORQJ D SHUSHQGLFXODU SODQH WR 

WKH 

FUDFN8VLQJ)RXULHUWUDQVIRUPWKUHHLQWHJUDOHT

XDWLRQVDUHREWDLQHG LQ ZKLFK WKH XQNQRZQ 

YDULDEOHV DUH WKH MXPSV RI PHFKDQLFDO 

GLVSODFHPHQWV DQG HOHFWULF SRWHQWLDOV 

DFURVV WKH FUDFN VXUIDFHV 7R 
VROYHWKHLQWHJUDOHTXDWLRQVWKHXQNQRZQVDU

HGLUHFWO\H[SDQGHGDVD VHULHVRI-

DFRELSRO\QRPLDOVDQGWKHUHVXOWLQJHTXDWLRQV

VROYHGXVLQJ 
WKH6FKPLGWPHWKRG,QFRQWUDVWWRWKHFODVVLFD

OVROXWLRQVEDVHGRQ WKH ORFDO WKHRU\ LW LV 

IRXQG WKDW QR PHFKDQLFDO VWUHVV DQG 

HOHFWULF 

GLVSODFHPHQWVLQJXODULWLHVDUHSUHVHQWDWW

KHFUDFNWLSVZKHQQRQORFDO 

WKHRU\LVHPSOR\HGWRLQYHVWLJDWHWKHSUREOHP$

GLUHFWEHQHILWLVWKH 

DELOLW\WRXVHWKHFDOFXODWHGPD[LPXPVWUHVVD

VDIUDFWXUHFULWHULRQ 7KH SULPDU\ REMHFWLYH RI 

WKLV VWXG\LV WR LQYHVWLJDWH WKH HIIHFWV RI 
FUDFN OHQJWK PDWHULDO JUDGLHQW SDUDPHWHU 

GHVFULELQJ )*30V DQG 

ODWWLFHSDUDPHWHURQWKHPHFKDQLFDOVWUHVVD

QGHOHFWULFGLVSODFHPHQW 
ILHOGQHDUFUDFNWLSV 
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R[(GXFDWLRQ 
&LW\ 'RKD 4DWDU SKRQH    HPDLO 
VDPLHOBERUJL#TDWDUWDPXHGX 
SDUWLFXODWHFRPSRVLWHVV\QWKHVL]HGLQVXFK

DPDQQHUWKDWWKH 

YROXPHIUDFWLRQVRIWKHFRQVWLWXHQWVYDU\F

RQWLQXRXVO\DORQJ DQ\ GHVLUHG VSDWLDO 

GLUHFWLRQ UHVXOWLQJ LQ PDWHULDOV KDYLQJ 

VPRRWK YDULDWLRQ RI PHFKDQLFDO SURSHUWLHV 

7KHUHIRUH DQ\ PDWHULDO SURSHUW\ 

GLVFRQWLQXLWLHV WKDW H[LVW PD\EH VXLWDEO\ 

HOLPLQDWHG ZKHQ )*0V DUH XVHG DV FRDWLQJ 

PDWHULDO 7KHUHIRUH WKH FRQFHSW RI )*0V FDQ 

EH H[WHQGHG WR SLH]RHOHFWULF PDWHULDOV WR 

V\QWKHVL]H )*30V WKDW H[KLELW 

LPSURYHGUHOLDELOLW\)RUUHOLDEOHVHUYLFHOL

IHWLPHSUHGLFWLRQRI )*30 EDVHG GHYLFHV LW LV 
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5HFHQWO\=KRXDQG&KHQ>@H[DPLQHGWKHLQWHU

DFWLRQRIWZR SDUDOOHO 0RGH, 

OLPLWHGSHUPHDEOH FUDFNV LQ )*30V &RPPRQ WR 

DOO DIRUHPHQWLRQHG VWXGLHV WKH XVH RI 

FODVVLFDO FRQWLQXXP PHFKDQLFV WHFKQLTXHV 

LV EDVHG RQ WKH ORFDO DVVXPSWLRQ WR 

LQYHVWLJDWH FUDFN SUREOHPV LQ )*30V 

$FFRUGLQJ WR ORFDO HODVWLFLW\ WKHRU\ WKH 

VWDWH RI VWUHVV DW D VSHFLILF SRLQW LQ WKH 

PDWHULDO GHSHQGV RQO\ RQ WKH VWDWH RI 

VWUDLQDWWKHVDPHSRLQW&RQWUDU\WRSK\VLFD

OUHDVRQLQJWKH 

DSSOLFDWLRQRIORFDOHODVWLFLW\WKHRU\LQYD

ULDEO\OHDGVWRVWUHVV 

VLQJXODULWLHVDWWKHFUDFNWLSV$PDMRULVVX

HKHUHLVWKDWVWUHVV DW WKH FUDFN WLSV LV 

LQGHWHUPLQDWH DQG WKXV WKHUH D IUDFWXUH 

FULWHULRQ EDVHG RQ PD[LPXP VWUHVV LV QRW 

HDV\ WR HVWDEOLVK 

'LIIHUHQWIURPFODVVLFDOORFDOHODVWLFLW\WK

HRU\LVWKHQRQORFDO HODVWLFLW\ WKHRU\ 

ZKLFK DWWHPSWV WR GHYHORS WKH 

FRQVWLWXWLYH UHODWLRQVKLSV ZLWKRXW 

IRUHJRLQJ WKH PLFURVWUXFWXUH RI WKH 

PDWHULDO1RQORFDOFRQWLQXXPPHFKDQLFVLQLW

LDWHGE\(ULQJHQ 

>@LVEDVHGRQWKHQRQORFDOHODVWLFLW\PRGHO

ZKHUHWKHVWDWH 
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HVWUHVVQHDUWKH 

WLSRIDVKDUSOLQHFUDFNLQDQLVRWURSLFHODVW

LFSODWH8QOLNH FODVVLFDORU ORFDO 

HODVWLFLW\ WKHRU\ LW ZDV VKRZQ WKDW WKH 

VWUHVV ILHOG FDOFXODWHG E\ XVLQJ QRQORFDO 

WKHRU\ GRHV QRW 

FRQWDLQDQ\VLQJXODULWLHVDWWKHFUDFNWLSV

7KHUHIRUHQRQORFDO 

HODVWLFLW\PRGHOVFDQEHXVHGWRREWDLQWKH

VWUHVVILHOGLQWKH 

YLFLQLW\RIWKHFUDFNWLSVDQGHVWDEOLVKDIUD

FWXUHFULWHULRQLQD 
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FNSUREOHPVLQ )*30V YLD QRQORFDO HODVWLFLW\ 

PRGHOV LV WKH LQKHUHQW PDWKHPDWLFDO 

GLIILFXOW\ DVVRFLDWHG ZLWK LW 7R WKH EHVW 

NQRZOHGJH RI WKH DXWKRUV WKH 

HOHFWURHODVWLF EHKDYLRU RI )*30V ZLWK D 

PL[HG0RGH HOHFWULFDOO\ LPSHUPHDEOH FUDFN 

KDV QRW EHHQ VWXGLHG XVLQJ WKH QRQORFDO 

WKHRU\ LQ RSHQ OLWHUDWXUH 7KHUHIRUH LQ 

WKLVSDSHU WKH FRQFHSW RI(ULQJHQ¶V QRQORFDO 

WKHRU\ LV DGRSWHG WR VROYH WKH PL[HG0RGH 

FUDFN 

SUREOHPLQD)*307KHPDMRUHPSKDVLVLVWRFDOFXO

DWHWKH 

VWUHVVDQGHOHFWULFILHOGVLQ)*30VZLWKPL[HG

0RGHFUDFNV 

WKURXJKDIRUPXODWLRQEDVHGRQWKHQRQORFDO

WKHRU\ 
7KLVSDSHULVRUJDQL]HGDVIROORZV7KHIRUPXOD

WLRQDQGWKH 

ERXQGDU\FRQGLWLRQVRIWKHSUREOHPDUHSUHVH

QWHGLQ6HFWLRQ 

,,7KHVROXWLRQPHWKRGRORJ\LVGHVFULEHGLQ6HF

WLRQ,,,ZKHUH 

WKHPL[HGERXQGDU\YDOXHSUREOHPLVUHGXFHGW

RDV\VWHPRI 

VLQJXODULQWHJUDOHTXDWLRQV6HFWLRQ,9FRQW

DLQVWKHYDOLGDWLRQ RI UHVXOWV 
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SDUDPHWULF VWXG\ DQG D GLVFXVVLRQ RI WKH 

UHVXOWV 
)LQDOO\FRQFOXGLQJUHPDUNVDUHSURYLGHGLQ6HF

WLRQ9 

,, 352%/(0'(6&5,37,21$1')2508/$7,21 

7KHSUREOHPXQGHUFRQVLGHUDWLRQLVVKRZQL

Q)LJ7KH &DUWHVLDQFRRUGLQDWHV\VWHP xz 
LVXVHGIRUDOOWKHDQDO\VLV 

SUHVHQWHGKHUH7KHSUREOHPGRPDLQFRQVLVWV

RIDIXQFWLRQDOO\ JUDGHG SLH]RHOHFWULF 

PHGLXP H[WHQGLQJ LQILQLWHO\ LQx DQG z 

GLUHFWLRQVZLWKDQHPEHGGHGFUDFNRIOHQJWK2l

RULHQWHGDORQJ WKHxD[LV 
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$V WKH ODWWLFH SDUDPHWHU ³a´ WHQGV WR 

]HUR WKH QRQORFDO WKHRU\ DSSURDFKHV WKH 

FODVVLFDORU ORFDO WKHRU\ )URP D 

PDWKHPDWLFDOVWDQGSRLQWDV³a´WHQGVWR]

HURWKHNHUQHOVRI 

WKH WKUHH LQWHJUDO HTXDWLRQV  di
 s ei

 s  DQG 

fi
 s UHGXFH WR D QRQ]HUR FRQVWDQW 

UHVXOWLQJ LQ ³VLQJXODU´ 

LQWHJUDOHTXDWLRQV7KHVH³VLQJXODU´LQWH

JUDOHTXDWLRQVDUHWKH VDPH DV WKRVH 

REWDLQHG IURP WKH FODVVLFDO 

HOHFWURHODVWLFLW\ 

S f 

 

LQZKLFK 

 

 ª ºW ª ºK ª ºW 
« » 

 / « »W  Ki « »« »K  K W « »« »   

 « »¬ ¼D « »¬ ¼K « »¬ ¼D 
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WKHRU\7KHLPSRUWDQWDVSHFWLVWKDWZKHQ³

a´LVQRW]HURWKH 

LQWHJUDOHTXDWLRQVDUHQRWVLQJXODUDVL

QWKHQRQORFDOFDVHEXW 

ZKHQ³a´LVHTXDOWR]HURWKHLQWHJUDOHTXDW

LRQVDUHVLQJXODU DV LQ WKH FODVVLFDO 

FDVH 'XH WR WKLV IXQGDPHQWDO GLIIHUHQFH 

EHWZHHQWKHWZRFDVHVGLIIHUHQWPHWKRGR

ORJLHVDUHJHQHUDOO\ UHTXLUHG WR VROYH 

WKH VLQJXODU DQG QRQVLQJXODU LQWHJUDO 

HTXDWLRQV ,Q FODVVLFDO 

HOHFWURHODVWLFLW\ WKHRU\ WKH 

VLQJXODULWLHVPXVWEHH[WUDFWHGIURPWKH

NHUQHOVRIWKHVLQJXODU LQWHJUDO 

HTXDWLRQV DQG D VROXWLRQ LQ WHUPV RI 

RUWKRJRQDO 

SRO\QRPLDOVLVVRXJKW>@,QWKLVFDVHWKHUH

VXOWLQJVWUHVV 

ILHOGLVVLQJXODUDQGWKHUHVXOWVDUHLQJH

QHUDOJLYHQLQWHUPVRI 

VWUHVVLQWHQVLW\IDFWRUVWKDWFDQEHXVH

GDVDIUDFWXUHFULWHULRQ 

EDVHGRQOLQHDUHODVWLFIUDFWXUHPHFKDQL

FV+RZHYHUIRUWKH FDVH RI QRQVLQJXODU 

LQWHJUDO HTXDWLRQV WKHUH DUH QR 

VLQJXODULWLHV LQ WKH NHUQHOV DQG WKH 

VWUHVV ILHOG REWDLQHG LV QRQVLQJXODU 

8QOLNH FODVVLFDO WKHRU\ WKH FDOFXODWHG 

VWUHVVHV 

FDQSRWHQWLDOO\EHXVHGWRHVWDEOLVKDIUD

FWXUHFULWHULRQZLWKRXW 

WKHQHHGIRUVWUHVVLQWHQVLW\IDFWRUV 
HOHFWULFSRWHQWLDODUHH[SDQGHGE\WKHIRO

ORZLQJVHULHV 
 

 - f §¨   ·¸ 

° 
 °¯  x ! l 

 
§ · 
 

ZKHUH a bn  n DQG cn 

DUHXQNQRZQFRHIILFLHQWVDQG Pn
©¨  ¹¸x  

)RUWKHGRPDLQ x dl ZKHUH fi x i  LVQRQ]HURWKH 
 

 
n 

 

ZKHUH Qn  Sn in *  n   n  +HUH *x  DQG 

Jn x  DUH WKH *DPPD DQG %HVVHO IXQFWLRQV RI 

RUGHU n 
UHVSHFWLYHO\ 

%\VXEVWLWXWLQJLQZHUHZULWHWRREWDLQ

WKH 

IROORZLQJV\VWHPRIHTXDWLRQVZKLFKFDQQRZE

HVROYHGIRU WKHFRHIILFLHQWV a bn  n  DQGcn 

E\WKH6FKPLGWPHWKRG 

 
f 

 ¦*T
n x $ �n x   d dl x l  

n   
LQZKLFK 

 ªE E En n n º ª ºU ª ºan 

 «    »  
« »

V  $ n 
« »

« »bn  

 *n «F Fn n Fn » � « » 
 «G G Gn n n »¼ « »¬ ¼W « »¬ ¼cn 

¬ 
 

ZKHUH E Fn
j  n

j G U Vn
j     DQG W j  DUH NQRZQ 

IXQFWLRQV 

,9 5(68/76$1'',6&866,216 

7KH PHFKDQLFDO VWUHVVHVW W  DQG 

HOHFWULF GLVSODFHPHQW D   LQ WKH PHGLXP 

DUH HYDOXDWHG E\ GHWHUPLQLQJ WKH 
XQNQRZQFRHIILFLHQWV a bn  n DQG cn 

IURPDVH[SODLQHGLQ 

VHFWLRQ ,,, 2I SDUWLFXODU LQWHUHVW LV WKH 

FDOFXODWLRQ RI WKH 

PHFKDQLFDOVWUHVVHVDQGHOHFWULFGLVSODF

HPHQWVLQWKHYLFLQLW\ 

RIWKHFUDFNWLSVDQGGHWHUPLQLQJWKHLUYD

ULDWLRQDVDIXQFWLRQ 

RIWKHIXQFWLRQDOO\JUDGHGSDUDPHWHUE 

ODWWLFHSDUDPHWHUa 
DQGFUDFNOHQJWKl3=7+LVXVHGDVDPRGHOPDWH

ULDOIRU WKH FDOFXODWLRQV SUHVHQWHG 

KHUH SURSHUWLHV RI ZKLFK DUH 
 

7$%/(, 
H E C N m   H E  C N m    

A. Results Validation  

,Q RUGHU WR YDOLGDWH WKH VROXWLRQ 

PHWKRGRORJ\ DGRSWHG D 

SDUWLFXODUFDVHRIDKRPRJHQHRXVPHGLXPLHZ

LWKDVPDOO YDOXH IRU QRQKRPRJHQHLW\ 

SDUDPHWHUE DQG YDQLVKLQJ 
DSSUR[LPDWHO\IRUEWHQGLQJWR]HUR)RUWKHVD

PHFDVH 

IURPWKHSUHVHQWIRUPXODWLRQDYDOXHRILVR

EWDLQHGIRU WKHQRUPDOL]HGVWUHVVW W 

ZKLFKLVLQH[FHOOHQWDJUHHPHQW 
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VKRZV WKH FRPSDULVRQ RI WKH QRUPDOL]HG 

QRUPDO VWUHVVWx  W  IRU D FUDFN HPEHGGHG 

LQ DQ LQILQLWH 
IXQFWLRQDOO\ JUDGHG PHGLXP VXEMHFWHG WR 

XQLIRUP QRUPDO VXUIDFH WUDFWLRQW ZLWK a

Gl  l   DQG E  7KH 

B. Parametric Study  

L 

)LJVDFVKRZWKHYDULDWLRQRIQRUPDOL]HG

QRUPDO 

VWUHVVWDQJHQWLDOVWUHVVDQGHOHFWU

LFGLVSODFHPHQWZLWKx 

DQG LW LV FOHDU WKDW DOO TXDQWLWLHV 

KDYH ILQLWH YDOXHV DW x rl FUDFN WLSV 

$OVR DOO TXDQWLWLHV RI LQWHUHVW DUH 

DV\PPHWULF DFURVV x   ZKLFK LV D UHVXOW 

RI WKH 
DSSOLFDWLRQRIWDQJHQWLDOWUDFWLRQRQWK

HFUDFNDVH[SHFWHG 
LQDPL[HG0RGHFUDFNVFHQDULR 

 

 
)LJD&RPSDULVRQRIWKHQRUPDOL]HGQRUPDOVWUHV

VW x  W  
GDVKHGOLQH5HVXOWVDUHVKRZQIRUDFDVHRIDFUDF

NHPEHGGHGLQDQ 
LQILQLWHIXQFWLRQDOO\JUDGHGPHGLXPVXEMHF

WHGWRXQLIRUPQRUPDO 

 

)LJE/RFDOO\HQODUJHGJUDSKRI)LJD 

 

 
PHFKDQLFDODQGHOHFWULFORDGLQJ 

 

IRU a Gl  l DQGE  XQGHUXQLIRUPFRPELQHG 
PHFKDQLFDODQGHOHFWULFORDGLQJ 

 

LL 7KH QRUPDO VWUHVV DQG WKH HOHFWULF 

GLVSODFHPHQW ILHOGV 

QHDUWKHLQQHUOHIWFUDFNWLSVDUHODUJ

HUWKDQWKHRQHVQHDU 

FUDFNVXUIDFHWUDF

WLRQ  
W ZLW

K 
 a l G     l 

  DQ

G 
 E    

 

 

) LJD9DULDWLRQ  RI W KHQRUPDOVWU

HVV 
  

  
 x W W ZLWK x  

IR

U 
 a l G     l 

  DQG  E   XQGHUXQLIRUPFRPELQHG 

 

) LJE9DULDWLRQ  RI  WKHWDQJHQWLDO

VWUHVV 
  

  
 x W W ZLWK x  

IR

U 
 a l G     l 

  DQG  E   XQGHUXQLIRUPFRPELQHG 
PHFKDQLFDODQGHOHFWULFORD

GLQJ  

) LJF9DULDWLRQ  RIWKHHOHFWULFGLVSODFH

PHQW 
  

  
 D x D ZLWK x  
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WKHRXWHUULJKWFUDFNWLSVDVVKRZQLQ)L

JVDDQGF 

2QWKHRWKHUKDQGWKHWDQJHQWLDOVWUH

VVILHOGLVVPDOOHUDW 

WKHLQQHUFUDFNWLSDVVKRZQLQ)LJE7KLVD

V\PPHWU\ 

LVGXHWRWKHSUHVHQFHRIKRUL]RQWDOPHF

KDQLFDOORDGLQJV RQWKHFUDFNVXUIDFHV 
LY7KHQRUPDOL]HGVWUHVVHVDQGHOHFWULFGL

VSODFHPHQWILHOGV DW WKH FUDFN WLSV 

WHQG WR GHFUHDVH ZLWK LQFUHDVH LQ 

WKH 

ODWWLFHSDUDPHWHUDVVKRZQLQ)LJVDF7K

HUHIRUHLW FDQ EH FRQFOXGHG WKDW )*30V 

FKDUDFWHUL]HG E\ KLJKHU 
ODWWLFHSDUDPHWHUVDUHPRUHUHVLOLHQ

WWRIUDFWXUH 

 
)LJD/RFDOO\HQODUJHGJUDSKRI)LJDQHDUWKHFUDFNOH

IWWLS 
 

 
)LJE/RFDOO\HQODUJHGJUDSKRI)LJDQHDUWKHFUDFNUL

JKWWLS 
 

 

)LJD(IIHFWRIWKHODWWLFHSDUDPHWHUaRQWKHQ

RUPDOVWUHVV W rl  W DORQJWKHFUDFNOLQHIRU l  

DQGE  XQGHU 
XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFOR

DGLQJ 
 

 

)LJE(IIHFWRIWKHODWWLFHSDUDPHWHUaRQWKHWDQ

JHQWLDOVWUHVV W rl  W DORQJWKHFUDFNOLQHIRU 

l  DQGE  XQGHU 
XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFOR

DGLQJ 

 
)LJF(IIHFWRIWKHODWWLFHSDUDPHWHUaRQWKH

HOHFWULF 
GLVSODFHPHQW Drl  D DORQJWKHFUDFNOLQHIRU l  

DQGE   
XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHF

WULFORDGLQJ 
 

Y )RUWKHFDVHRI az 

DWWKHFUDFNWLSVILQLWHYDOXHVRI 

ILHOGTXDQWLWLHVDUHREWDLQHGDVVHH

QIURP)LJ$OVRLW 

LVFOHDUWKDWDV³a´WHQGVWR]HURWKHYD

OXHVRIWKHILHOG 

TXDQWLWLHVLQFUHDVHUDSLGO\ZLWKGHF

UHDVLQJYDOXHVRI³a´ ,Q WKH FODVVLFDO 

OLPLW ZKHQ a   LW LV NQRZQ WKDW WKH 

VWUHVVHV DQG HOHFWULF 

GLVSODFHPHQWV DUH VLQJXODU DW WKH 

FUDFNWLSVDQGWKHREVHUYDWLRQVLQ)LJS

URYLGHDJRRG 

TXDOLWDWLYHDJUHHPHQWZLWKWKHFODV

VLFDOWKHRU\ 
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YL :LWK a  G KHOG FRQVWDQW WKH YDOXHV RI 

WKH QRUPDOL]HG 

VWUHVVHV DQG HOHFWULF GLVSODFHPHQW 

DW WKH FUDFN WLS 

LQFUHDVHZLWKLQFUHDVLQJFUDFNOHQJWK

lDVVKRZQLQ)LJ  
YLL 

,WLVHYLGHQWIURPWKHGLVFXVVLRQLQLYD

QGYLWKDWWKH PD[LPXP VWUHVV GHSHQGV 

RQ WKH ODWWLFH SDUDPHWHUa ZKLFK LV 

DQ LQWHUQDO OHQJWK VFDOH UHODWHG 

WR WKH 

PLFURVWUXFWXUHRIWKHPDWHULDODQGW

KHFUDFNOHQJWKl ZKLFK LV DQ H[WHUQDO 

OHQJWK VFDOH UHODWHG DW WKH 

PDFURVFRSLFOHYHO+HQFHLWFDQEHFRQFOX

GHGWKDWWKH 

PD[LPXPVWUHVVHVFDOFXODWHGWKURXJK(

ULQJHQ¶VQRQORFDO IRUPDOLVP HQDEOH 

WKH XQLILFDWLRQ RI PDFURVFRSLF DQG 

PLFURVFRSLFVFDOHV 
YLLL)URP)LJVDDQGFLWLVFOHDUWKDWIRUE!  

WKH 
QRUPDOL]HG VWUHVVHV DQG HOHFWULF 

GLVSODFHPHQW DW WKH FUDFN WLSV WHQG 

WR LQFUHDVH ZLWK LQFUHDVLQJ 

JUDGLHQW SDUDPHWHU $OVR IRUE   WKH 

YDOXHV LQFUHDVH ZLWK 
UHGXFWLRQ RI WKH JUDGLHQW SDUDPHWHU 

7KH PLQLPXP 

YDOXHVDUHDWWDLQHGFORVHWRE  

8QOLNHQRUPDOVWUHVV 
DQG HOHFWULF GLVSODFHPHQW WKH 

WDQJHQWLDO VWUHVV ILHOGV 

YDU\DOPRVWOLQHDUO\ZLWKWKHJUDGLHQ

WSDUDPHWHU)LJ 

E7KHUHIRUHWKHJUDGLHQWSDUDPHWHUE 

FDQEHXVHG 
WRFRQWUROWKHVWUHVVDQGHOHFWULFG

LVSODFHPHQWILHOGVDW WKHFUDFNWLSV 
L[ 

$VVHHQIURP)LJWKURXJK(ULQJHQ¶VQRQORF

DOWKHRU\ 

SURYLGHVDPD[LPXPYDOXHIRUWKHVWUHVV

HVDQGHOHFWULF GLVSODFHPHQW ZKHQ 

VWXG\LQJ PL[HG0RGH FUDFNV LQ 

)*30V7KHGLVWULEXWLRQRIWKHILHOGYDUL

DEOHVLVGHYRLG RI VLQJXODULWLHV DW 

WKH FUDFN WLSV ZKLFK LV LQ GLUHFW 

FRQWUDVW WR ZKDW LV H[SHFWHG IURP 

FODVVLFDOEDVHG RQ ORFDO DVVXPSWLRQ 

DQG PLFURSRODU >@ FRQWLQXXP 

WKHRULHV 7KH LQGHWHUPLQDWH QDWXUH 

RI VWUHVVHV DW WKH 

FUDFNWLSVLVDPDMRUGUDZEDFNRIWKHVH

WKHRULHVPDNLQJ 

LWGLIILFXOWWRDWWULEXWHDXQLTXHYDO

XHIRUWKHPD[LPXP VWUHVV LQ WKH 

PDWHULDO LQ WKH SUHVHQFH RI FUDFNV 

7KHUHIRUH ERWK FODVVLFDO DQG 

PLFURSRODU FRQWLQXXP 

WKHRULHVIDLOWRHVWDEOLVKDEULWWOHI

UDFWXUHFULWHULRQEDVHG RQ WKH 

PD[LPXP VWUHVV K\SRWKHVLV 7KLV 

SURPSWHG WKH 

LQYHVWLJDWRUVWRFRQVLGHURWKHUDOW

HUQDWLYHVIRULQVWDQFH WKH SRSXODU 

*ULIILWK¶V FULWHULRQ ZKLFK LV EDVHG RQ 

FRQVLGHUDWLRQV RI HQHUJ\ EDODQFH >@ 

2Q WKH RWKHU KDQG DV PD[LPXP 

VWUHVVHV FDQ EH HYDOXDWHG LQ WKH 

QHLJKERUKRRG RI WKH FUDFN WLSV 

WKURXJK (ULQJHQ¶V 

QRQORFDOWKHRU\DIUDFWXUHFULWHULRQE

DVHGRQPD[LPXP 

VWUHVVK\SRWKHVLVFDQEHHVWDEOLVKHG

>@(ULQJHQHWDO >@ DQG (ULQJHQ >@ 

LQYHVWLJDWHG UHVSHFWLYHO\ WKH 0RGH, 

DQG 0RGH,, FUDFN SUREOHPV LQ DQ 

LVRWURSLF 

KRPRJHQRXVPHGLXP)RUWKH0RGH,SUREOHP(

ULQJHQ HW DO >@ VWLSXODWHG D 

IUDFWXUH FULWHULRQ EDVHG RQ WKH 

PD[LPXPVWUHVVK\SRWKHVLVZKLFKVWDWH

VWKDWWKHFUDFN 

EHFRPHVXQVWDEOHZKHQWKHFDOFXODWH

GPD[LPXPQRUPDO VWUHVV Wyy  H[FHHGV 

WKH FRKHVLYH VWUHQJWK Wc  RI WKH 

FUDFNEHFRPHVXQVWDEOHZKHQWKHFDOFXODW

HGVKHDUVWUHVV 
Wxy  H[FHHGV WKH FRKHVLYH VWUHQJWKWc  7KH 

FRKHVLYH 

0RGH IUDFWXUH RI )*30V (ULQJHQ¶V PD[LPXP 

VWUHVV 

IUDFWXUHFULWHULRQFDQQRWEHH[WHQGHGLQ

DVWUDLJKWIRUZDUG PDQQHU DQG QHHGV 

IXUWKHU FRQVLGHUDWLRQ DQG FDQ IRUP 
SDUWRIIXWXUHLQYHVWLJDWLRQV 
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  XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORD

GLQJ 

 

 

 

 
GLVSODFHPHQW DORQJWKHFUDFNOLQHIRU a lG 

DQG l  

 
) LJE(IIHFWRIWKHOHQJWKFUDFN l RQWKHWDQJHQWLDOV

WUHVV  
  

 l W W r DORQJWKHFUDFNOLQHI

RU 
 al G   DQG  E 

  XQGH

U XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORD

GLQJ  

) LJF(IIHFWRIWKHOHQJWKFUDFN l RQWKHHOHFWULFGLVSODFH

PHQW  
  

 D l D r DORQJWKHFUDFNOLQHI

RU 
 al G   DQG  E 

  XQGH

U XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORD

GLQJ  

 
LJD(IIHFWRIWKHIXQFWLRQDOO\JUDGHGSDUDPHWHU ) ȕ RQWKHD 

QRUPDOVWU

HVV 
     

l W W r DORQJWKHFUDFNOLQHI

RU 
 al G   DQG  

l 
   

) LJE(IIHFWRIWKHIXQFWLRQDOO\JUDGHGSDUDPHWHU ȕ RQWKH 
WDQJHQWLDOV

WUHVV 
     

l W W r DORQJWKHFUDFNOLQHI

RU 
 al G   DQG 

 
l 

  XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORD

GLQJ  

 
) LJF(IIHFWRIWKHIXQFWLRQDOO\JUDGHGSDUDPHWHU ȕ RQWKHHOHFW

ULF      
D l D r 
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XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHF

WULFORDGLQJ 

9 &21&/86,21 

,QWKHSUHVHQWZRUNWKHPL[HG0RGHIUDFWX

UHSUREOHPRID )*30 KDV EHHQ VROYHG ZLWKLQ 

WKH IUDPHZRUN RI QRQORFDO 

FRQWLQXXPPHFKDQLFVHPSOR\LQJ(ULQJHQ¶VQR

QORFDOHODVWLFLW\ 

PRGHO$QHOHFWULFDOO\LPSHUPHDEOHFUDFNLV

HPEHGGHGLQDQ 
LQILQLWHO\ H[WHQGLQJ )*30 DQG LV VXEMHFW WR HOHFWUR 
PHFKDQLFDO ORDGLQJV %\ XVLQJ )RXULHU WUDQVIRUPV WKH JRYHUQLQJ HTXDWLRQV DUH 

FRQYHUWHG LQWR D V\VWHP RI WKUHH LQWHJUDO HTXDWLRQV ZKHUH WKH XQNQRZQV DUH 

WKH MXPSV RI PHFKDQLFDOGLVSODFHPHQWDQGWKHHOHFWULFSRWHQWLDOVDFURVVWKH 

FUDFN 7KH XQNQRZQV DUH H[SDQGHG DV D VHULHV RI -DFREL 

SRO\QRPLDOVWRREWDLQDV\VWHPRIOLQHDUDOJHEUDLFHTXDWLRQV WKDW DUH 

VROYHGE\XVLQJ WKH 6FKPLGW PHWKRG 5HVXOWV VKRZ 
WKDW WKH VWUHVVHV DQG HOHFWULF GLVSODFHPHQW ILHOGV WKURXJKRXW 
XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORDGLQJ 

WKHSUREOHPGRPDLQLQFOXGLQJWKHFUDFNWLSV

DUHGHYRLGRIDQ\ 

VLQJXODULWLHVXQOLNHHOHFWURHODVWLFLW\I

UDFWXUHSUREOHPVVWXGLHG YLD 

FODVVLFDORU ORFDO HODVWLFLW\ WKHRULHV 

7KH SUHVHQW 
IRUPXODWLRQ XVLQJ (ULQJHQ¶V QRQORFDO 

WKHRU\ JLYHV ILQLWH 
YDOXHVIRUWKHPD[LPXPVWUHVVLQWKHYLFLQL

W\RIFUDFNWLSV± 
WKXV PDNLQJ LW SRVVLEOH WR HPSOR\ WKH 

PD[LPXP VWUHVV 
K\SRWKHVLVWRHVWDEOLVKDIUDFWXUHFULWH

ULRQ,WLVDOVRREVHUYHG 
WKDW WKH PD[LPXP VWUHVV DQG HOHFWULF 

GLVSODFHPHQW QHDU WKH 

FUDFNWLSVGHSHQGVRQWKHIXQFWLRQDOO\JUD

GHGSDUDPHWHUFUDFN OHQJWK DQG ODWWLFH 

SDUDPHWHU (VWDEOLVKLQJ D EULWWOH 

IUDFWXUH 

FULWHULRQIRU)*30VEDVHGRQWKHPD[LPXPVWU

HVVK\SRWKHVLV 

LVDSURPLVLQJGLUHFWLRQIRUUHVHDUFKDQGFD

QEHSXUVXHGDV SDUWRIIXWXUHZRUN 

$&.12:/('*0(17 

7KHVHFRQGDXWKRULVJUDWHIXOIRUWKHVXSSR

UWSURYLGHGE\ 
7H[DV$ 08QLYHUVLW\DW4DWDU 

5()(5(1&(6 

 *DXWVFKL *  3LH]RHOHFWULF 6HQVRULFV 6SULQJHU9HUODJ 

%HUOLQ +HLGHOEHUJ 
 'HHJ :  7KH DQDO\VLV RI GLVORFDWLRQ FUDFN DQG 

LQFOXVLRQ 
SUREOHPVLQSLH]RHOHFWULFVROLGV3K'WKHVLV6WDQIRUG8

QLYHUVLW\ 

 6RVD +  3ODQH 3UREOHPV LQ 3LH]RHOHFWULF 0HGLD ZLWK 

'HIHFWV 
,QWHUQDWLRQDO-RXUQDORI6ROLGVDQG6WUXFWXUHV 
 )(UGRJDQ)UDFWXUHPHFKDQLFVRIIXQFWLRQDOO\JUDGHGPDW

HULDOV 
&RPSRV(QJ± 
 &KXH&+2X</0RGH,,,FUDFNSUREOHPVIRUWZRERQGHG 

IXQFWLRQDOO\ JUDGHG SLH]RHOHFWULF PDWHULDOV 

,QWHUQDWLRQDO -RXUQDO RI 6ROLGVDQG6WUXFWXUHV± 
 +VX :+ &KXH &+  0RGH ,,, IUDFWXUH SUREOHP RI DQ 
DUELWUDULO\RULHQWHGFUDFNLQD)*30VWULSERQGHGWRD)
*30KDOISODQH 
,QWHUQDWLRQDO-RXUQDORI6ROLGVDQG6WUXFWXUHV± 
 &KHQ<-&KXH&+0RGH,,,IUDFWXUHSUREOHPRIDFUDFNHG 

)*30VXUIDFHOD\HUERQGHGWRDFUDFNHG)*30VXEVWUDWH$U

FKLYHRI $SSOLHG0HFKDQLFV,VVXH 
 8HGD 6  (OHFWURPHFKDQLFDO LPSDFW RI DQ LPSHUPHDEOH 

SDUDOOHO 

FUDFNLQDIXQFWLRQDOO\JUDGHGSLH]RHOHFWULFVWULS(XU

RSHDQ-RXUQDORI 0HFKDQLFV$6ROLGV 
 =KRX=*&KHQ=77KHLQWHUDFWLRQRIWZRSDUDOOHO0RGH, 
OLPLWHGSHUPHDEOHFUDFNVLQDIXQFWLRQDOO\JUDGHGSLH]
RHOHFWULFPDWHULDO 
(XURSHDQ-RXUQDORI0HFKDQLFV$6ROLG± 

EHKDYLRU RI D PL[HG0RGH FUDFN LQ D IXQFWLRQDOO\ 

JUDGHG PDJQHWR± 
HOHFWURHODVWLFPDWHULDOE\XVHRIWKHQRQORFDOW

KHRU\7KHRUHWLFDODQG 

$SSOLHG)UDFWXUH0HFKDQLFV± 
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