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Abstract,Q WKLV SDSHU WKH SUREOHP RI D PL{HGORGH
FUDFN
HPEHGGHG LQ DQ LQILQLWH PHGLXP PDGH RI D
IXQFWLRQDOO\ JUDGHG SLHJRHOHFWULF
PDWHULDO)*30 ZLWK FUDFN VXUIDFHV VXEMHFWHG
WR HOHFWURPHFKDQLFDO ORDGLQJV LV
LQYHVWLIDWHG (ULQJHQYV QRQORFDO
WKHRU\ RI HODVWLFLW\ LV DGRSWHG WR IRUPXODWH
WKH JRYHUQLQJ HOHFWUR
HODVWLF HTXDWLRQV 7KH SURSHUWLHV RI WKH
SLHJRHOHFWULF PDWHULDO DUH DVVXPHG WR YDU\
H[SRQHQWLDOO\ DORQJ D SHUSHQGLFXODU SODQH WR
WKH
FUDFN8VLQJ)RXULHUWUDQVIRUPWKUHHLQWHJUDOHT
XDWLRQVDUHREWDLQHG LQ ZKLFK WKH XQNQRZQ
YDULDEOHV DUH WKH MXPSV RI PHFKDQLFDO
GLVSODFHPHQWV DQG HOHFWULF SRWHQWLDOV
DFURVV WKH FUDFN VXUIDFHV 7R
VROYHWKHLQWHJUDOHTXDWLRQVWKHXQNQRZQVDU
HGLUHFWO\H[SDQGHGDVD VHULHVRI-
DFRELSRO\QRPLDOVDQGWKHUHVXOWLQJHTXDWLRQV
VROYHGXVLQJ
WKH6FKPLGWPHWKRG,QFRQWUDVWWRWKHFODVVLFD
OVROXWLRQVEDVHGRQ WKH ORFDO WKHRU\ LW LV
IRXQG WKDW QR PHFKDQLFDO VWUHVV DQG
HOHFWULF
GLVSODFHPHQWVLQJXODULWLHVDUHSUHVHQWDWW
KHFUDFNWLSVZKHQQRQORFDO
WKHRU\LVHPSOR\HGWRLQYHVWLIDWHWKHSUREOHP$
GLUHFWEHQHILWLVWKH
DELOLW\WRXVHWKHFDOFXODWHGPD[LPXPVWUHVVD
VDIUDFWXUHFULWHULRQ 7KH SULPDU\ REMHFWLYH RI
WKLV VWXG\LV WR LQYHVWLIDWH WKH HITHFWV RI
FUDFN OHQJWK PDWHULDO JUDGLHQW SDUDPHWHU
GHVFULELQJ Y30V DQG
ODWWLFHSDUDPHWHURQWKHPHFKDQLFDOVWUHVVD
QGHOHFWULFGLVSODFHPHQW
ILHOGQHDUFUDFNWLSV
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DV WKH OLQHDU HOHFWURPHFKDQLFDO
LQWHUDFWLRQ EHWZHHQ WKH PHFKDQLFDO DQG
HOHFWULFDOVWDWHVRIFU\VWDOVGHYRLGRIDFHQ
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HFWULFHITHFWWKDWLV

HOHFWULFSRODUL]DWLRQLVLQGXFHGLQWKHPDW
HULDORQDSSOLFDWLRQ RI PHFKDQLFDO ORDGV
DQG YLFHYHUVD >@ +RZHYHU D PDMRU
VKRUWFRPLQJ RI SLHJRHOHFWULF FHUDPLFV LV
WKDW WKH\ DUH
H[WUHPHO\EULWWOHZLWKDSURSHQVLW\WRGHYH
ORSFUDFNVGXHWR VWUHVV FRQFHQWUDWLRQV
LQGXFHG DV D FRQVHTXHQFH RI ERWK PHFKDQLFDO
DQG HOHFWULFDO ORDGLQJV >@ $ FODVV RI
PDWHULDOV  ZKLFK FRXOG SRWHQWLDOO\
DOOHYLDWH WKH SUREOHP RI LQWHUQDO
GHERQLQJ DQG VWUHVV FRQFHQWUDWLRQ LQ
FRQYHQWLRQDO SLHJRHOHFWULF PDWHULDOV
DUH IXQFWLRQDOO\ JUDGHG PDWHULDOV )*0V 2YHU
WKH SDVW WZR GHFDGHV )*0V KDYH DOUHDG\
VKRZQ JUHDW SURPLVH WR EH XVHG DV DQ
DOWHUQDWLYH WR FRQYHQWLRQDO KRPRJHQRXV
FRDWLQJV >@ 7KHVH PDWHULDOV DUH JHQHUDOO\

FRPSRVHG RI DW  OHDVW  WZRSKDVH
LQKRPRJHQHRXV
1LGKDO-

DPLDLVZLWKWKHS$HURVSDFH'HSDUWPHQW%D\&DPSXV6ZDQV
HD
8QLYHUVLW\6ZDQVHD6$(18.HPDLOQLGKDOMHPDLD#KRWPDLO
FRP

6DPL (O%RUJL LV ZLWK WKH OHFKDQLFDO (QJLQHHULQJ
'HSDUWPHQW 7H[DV $

08QLYHUVLW\DW4DWDU(QJLQHHULQJ%XLOGLQJ32%

R[(GXFDWLRQ
&LW\ 'RKD 4DWDU SKRQH
VDPLHOBERUJL#TDWDUWDPXHGX
SDUWLFXODWHFRPSRVLWHVV\QWKHVL]JHGLQVXFK
DPDQQHUWKDWWKH
YROXPHIUDFWLRQVRIWKHFRQVWLWXHQWVYDU\F
RQWLQXRXVO\DORQJ DQ\ GHVLUHG VSDWLDO
GLUHFWLRQ UHVXOWLQJ LQ PDWHULDOV KDYLQJ
VPRRWK YDULDWLRQ RI PHFKDQLFDO SURSHUWLHV
7KHUHIRUH DQ\ PDWHULDO SURSHUW\
GLVFRQWLQXLWLHV WKDW H[LVW PD\EH VXLWDEO\
HOLPLQDWHG ZKHQ )*0V DUH XVHG DV FRDWLQJ
PDWHULDO 7KHUHIRUH WKH FRQFHSW RI )*0V FDQ
EH H[WHQGHG WR SLH]JRHOHFWULF PDWHULDOV WR
V\QWKHVLIH y*30V WKDW H[KLELW
LPSURYHGUHOLDELOLW\)RUUHOLDEOHVHUYLFHOL
[HWLPHSUHGLFWLRQRI )*30 EDVHG GHYLFHV LW LV

HPDLO
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LPSHUDWLYH WR LQYHVWLIDWH DQG
XQGHUVWDQGWKHIUDFWXUHEHKDYLRURI)*30VDQ
GWKHLUHIIHFWV RQ WKH HOHFWURPHFKDQLFDO

UHVSRQVH ORVW RI WKH SUHYLRXV
LQYHVWLIDWLRQV LQWR WKH IUDFWXUH RI )*30V
DGRSW FODVVLFDO

FRQWLQXXPPHFKDQLFVEDVHGRQWKHORFDOWKHR
U\SQRWKHUSRLQW HDVLO\ QRWLFHG LV WKDW
WKHVH VWXGLHV DUH DOPRVW H[FOXVLYHO\
GHYRWHGWRWKHDQDO\VLVRIDQWLSODQHORGH,,,F
UDFNSUREOHPV &RQVLGHULQJ ERWK
HOHFWULFDOO\ LPSHUPHDEOH DQG SHUPHDEOH
FUDFN VXUIDFHV &KXH DQG 2X >@ VWXGLHG WKH
SUREOHP RI D
ORGH,,, FUDFNRULHQWHGSHUSHQGLFXODUWRWKHL
QWHUIDFHIRUPHG
E\ERQGLQJWZRIXQFWLRQDOO\JUDGHGSLH]RHOHFW
ULFKDOISODQHV
+VXDQG&KXH>@VROYHGWKHORGH,, [UDFWXUHSUR
EOHPRIDQ
DUELWUDULO\RULHQWHGFUDFNLQIXQFWLRQDOO\
UDGHGSLH]JRHOHFWULF
VWULSERQGHGWRDKRPRJHQRXVSLHJRHOHFWULFK
DOISODQH&KHQ
DQG&KXH>@LQYHVWLIDWHGWKHORGH,, [UDFWXU
HSUREOHPRID
FUDFNHGIXQFWLRQDOO\JUDGHGSLH]JRHOHFWULFV
XUIDFHOD\HUERQGHG WR D FUDFNHG
IXQFWLRQDOO\ JUDGHG SLHJRHOHFWULF
VXEVWUDWH $ VXUYH\ R WKH OLWHUDWXUHV
VKRZV WKDW DV RSSRVHG WR ORGH,,,
FUDFNSUREOHPVLQ)*30VVWXGLHVFRQFHUQLQJORG
H,0RGH
,,DQGPL[HGORGHFUDFNSUREOHPVDUHIDUDQGIHZEH
WZHHQ
8HGD>@DQDO\]JHGWKHPL[HGORGHG\QDPLFIUDFWXU
HSUREOHP
IRUIXQFWLRQDOO\JUDGHGSLH]RHOHFWULFVWULSF
RQWDLQLQJDSDUDOOHO
FUDFNXQGHULQSODQHPHFKDQLFDODQGHOHFWULF
LPSDFWORDGLQJV
SHFHQWO\=KRXDQG&KHQ>@H[DPLQHGWKHLQWHU
DFWLRQRIWZR SDUDOOHO ORGH,
OLPLWHGSHUPHDEOH FUDFNV LQ )*30V &RPPRQ WR
DOO DIRUHPHQWLRQHG VWXGLHV WKH XVH RI
FODVVLFDO FRQWLQXXP PHFKDQLFV WHFKQLTXHV
LV EDVHG RQ WKH ORFDO DVVXPSWLRQ WR
LQYHVWLIDWH FUDFN SUREOHPV LQ )*30V
$SFFRUGLQJ WR ORFDO HODVWLFLW\ WKHRU\ WKH
VWDWH RI VWUHVV DW D VSHFLILF SRLQW LQ WKH
PDWHULDO GHSHQGV RQO\ RQ WKH VWDWH RI
VWUDLQDWWKHVDPHSRLQW&RQWUDU\WRSK\VLFD
OUHDVRQLQIWKH
DSSOLFDWLRQRIORFDOHODVWLFLW\WKHRU\LQYD
ULDEO\OHDGVWRVWUHVV
VLQJXODULWLHVDWWKHFUDFNWLSV$PDMRULVVX
HKHUHLVWKDWVWUHVV DW WKH FUDFN WLSV LV

LQGHWHUPLQDWH DQG WKXV WKHUH D IUDFWXUH
FULWHULRQ EDVHG RQ PD[LPXP VWUHVV LV QRW

HDW\ WR HVWDEOLVK
'LITHUHQWIURPFODVVLFDOORFDOHODVWLFLW\WK

HRU\LVWKHQRQORFDO HODVWLFLW\ WKHRU\
ZKLFK DWWHPSWV WR GHYHORS WKH

FRQVWLWXWLYH UHODWLRQVKLSV ~ ZLWKRXW
IRUHJRLQ] WKH PLFURVWUXFWXUH RI WKH
PDWHULDOIRQORFDOFRQWLQXXPPHFKDQLFVLQLW
LDWHGE\(ULQJHQ
>@LVEDVHGRQWKHQRQORFDOHODVWLFLW\PRGHO
ZKHUHWKHVWDWH
RIVWUHVVDWDILYHQSRLQWLVDIXQFWLRQRIWKHV
WUDLQVWDWHVDWDOO
SRLQWVLQWKHPDWHULDO7KHQRQORFDOWKHRU\Z
DVHPSOR\HGWR
JUHDWVXFFHVVE\(ULQJHQ>@WRLQYHVWLIDWHWK
HVWUHVVQHDUWKH
WLSRIDVKDUSOLQHFUDFNLQDQLVRWURSLFHODVW
LFSODWHSQOLNH FODVVLFDORU ORFDO
HODVWLFLW\ WKHRU\ LW ZDV VKRZQ WKDW WKH
VWUHVV ILHOG FDOFXODWHG E\ XVLQJ QRQORFDO

WKHRU\ GRHV QRW
FRQWDLQDQ\VLQIXODULWLHVDWWKHFUDFNWLSV
7KHUHIRUHQRQORFDO
HODVWLFLW\PRGHOVFDQEHXVHGWRREWDLQWKH
VWUHVVILHOGLQWKH
YLFLQLW\RIWKHFUDFNWLSVDQGHVWDEOLVKDIUD
FWXUHFULWHULRQLQD

QDWXUDOZD\$PDMRUKLQGUDQFHWRVWXG\LQJFUD
FNSUREOHPVLQ )*30V YLD QRQORFDO HODVWLFLW\
PRGHOV LV WKH LQKHUHQW PDWKHPDWLFDO
GLIILFXOW\ DVVRFLDWHG ZLWK LW 7R WKH EHVW
NQRZOHGJH RI ~ WKH  DXWKRUV  WKH
HOHFWURHODVWLF EHKDYLRU RI )*30V ZLWK D
PL[HGORGH HOHFWULFDOO\ LPSHUPHDEOH FUDFN
KDV QRW EHHQ VWXGLHG XVLQJ WKH QRQORFDO
WKHRU\ LQ RSHQ OLWHUDWXUH 7KHUHIRUH LQ
WKLVSDSHU WKH FRQFHSW RI(ULQJHQYV QRQORFDO
WKHRU\ LV DGRSWHG WR VROYH WKH PL[HGORGH
FUDFN
SUREOHPLQD)*307KHPDMRUHPSKDVLVLVWRFDOFXO
DWHWKH
VWUHVVDQGHOHFWULFILHOGVLQ)*30VZLWKPL[HG
ORGHFUDFNV
WKURXJKDIRUPXODWLRQEDVHGRQWKHQRQORFDO
WKHRU\
7KLVSDSHULVRUJDQL]HGDVIROORZV7KHIRUPXOD
WLRQDQGWKH
ERXQGDU\FRQGLWLRQVRIWKHSUREOHPDUHSUHVH
QWHGLQG6HFWLRQ
,JKHVROXWLRQPHWKRGRORJN\LVGHVFULEHGLQ6HF
WLRQ,,,ZKHUH
WKHPL[HGERXQGDU\YDOXHSUREOHPLVUHGXFHGW
RDV\VWHPRI
VLQJXODULQWHJUDOHTXDWLRQV6HFWLRQ,9FRQW
DLQVWKHYDOLGDWLRQ RI UHVXOWYV
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SDUDPHWULF VWXG\ DQG D GLVFXVVLRQ RI WKH
UHVXOWV
)LQDOO\FRQFOXGLQJUHPDUNVDUHSURYLGHGLQ6HF
WLRQ9

»» 352%/(0'(6&5,37,21$1')2508/$7,21

7KHSUREOHPXQGHUFRQVLGHUDWLRQLVVKRZQL
QLJ7KH  &DUWHVLDQFRRUGLQDWHV\VWHP  xz
LVXVHGIRUDOOWKHDQDO\VLV

SUHVHQWHGKHUH7KHSUREOHPGRPDLQFRQVLVWYV
RIDIXQFWLRQDOO\  JUDGHG  SLH]JRHOHFWULF
PHGLXP H[WHQGLQJ LQILQLWHO\ LQx DQG :z
GLUHFWLRQVZLWKDQHPEHGGHGFUDFNRIOHQIWK2/
RULHQWHGDORQJ WKHxD[LV

)LI*HRPHWU\DQGORDGLQJRIWKHPL[HGORGHFUDFNS
UREOHP

7R PDNH WKH SUREOHP DQDO\WLFDOO\

WUDFWDEOH DQG DV LV
cccecccecze cccHE: z
eccceeze eeHE: z
HHcec zHH HE: z

ZKHUHc¢e ec DQG He, DUH UHVSHFWLYHO\ WKH
VKHDU PRGXOL WKH SLHJRHOHFWULF
FRHIILFLHQWV ~ DQG  WKH  GLHOHFWULF
SDUDPHWHUV RI )*30 7KHLU FRUUHVSRQGLQJ
YDOXHV LQ WKH )*30 PHGLXP DORQJ WKH FUDFN
SODQH DUH JLYHQ E\ ¢ ¢, , DQGH; 7KH
VXEVFULSWViDQG/LQGLFDWHWKHLQGLFHVXVHGL
Q+HUHE GHQRWHV WKH  QRQKRPRJHQHLW\
SDUDPHWHU WKDW FRQWUROV WKH
YDULDWLRQRISURSHUWLHVLQWKHIXQFWLRQDOO\
JUDGHGSLH]RHOHFWULF PHGLXP:KHQ E
WKHSUREOHPUHGXFHVWRDKRPRJHQRXV
SLHJRHOHFWULF PDWHULDO FDVH OHFKDQLFDO
ORDGLQIV w \ LQ
WKHIRUPRIWDQJHQWLDODQGQRUPDOWUDFWLRQD
UHDSSOLHGRQWKH )*30,Q DGGLWLRQ HOHFWULFDO
ORDGLQJD LQ WKH IRUP RI

HLU
le o
ao H ao AR
«» U CLEWE W O
ZKHUH H H « »«»= Va« » »H U « »= Yav L «ew wwz »m» LQ
ZKLFK H H DQG -
«W Wzx» Vs

H DUH WKH FRPSRQHQWYV RI WKH ORFDO VWUDLQ
ILHOG LQ WKH FRRUGLQDWHV\VWHPxz

a ol

V CV «»E
Y
2«V «ccce ec %»
«
ZKHUH vV «««V»»»»“ Ol W WK »wwlfx«««c ccece ec
ec ymy LQ ZKLFK
EY CV «
««DO»w» « »~ Vawz «« ec He »» ««=DC»»Ya «—«e ¢ ce
Hce »Ya»
A% DQGV
DUHWKHFRPSRQHQWVRIWKHORFDOVWUHVVILHOG
LQ WKHFRRUGLQDWHV\VWHP Xz

7KHxDQGzFRPSRQHQWVRIWKH ORFDO HOHFWULF
GLVSODFHPHQW ILHOG DUH JLYHQ E\ D DQG D¢
UHVSHFWLYHO\
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H[SUHVVHGLQDQ LQWHJUDO IRUP KHUH W, D;ZLWK
i k DUH WKH QRQORFDO
VWUHVV WHQVRU DQG HOHFWULF GLVSODFHPHQW
ILHOGV UHVSHFWLYHO\ GHILQHG DW D SRLQW X LQ
WKH ERG\ ,W LV HDVLO\ QRWHG WKDW UHODWHYV
WKH QRQORFDO TXDQWLWLHV WR WKHLU
FRUUHVSRQGLQJ ORFDO FRPSRQHQWVV, D
GHILQHG LQ +HUH D X Xc LV D QRQORFDO NHUQHO
DOVR FDOOHG WKH LQIOXHQFH IXQFWLRQ WKDW
LQWURGXFHVWKHHIIHFWRIVWUDLQDQGHOHFWUL
FILHOGVDWSRLQWYV Xc WR
WKHVWUHVVDQGHOHFWULFGLVSODFHPHQWDWSR
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)RU WKH PL[HGORGH FUDFNORGH, DQG , WKH
HOHFWUR
HODVWLFLW\HTXDWLRQVLQWKHJUDGHGPDWHU
LDODUHVXEMHFW
WRWKHIROORZLQJERXQGDU\FRQGLWLRQV

Ixld

‘x‘tl

7KHDSSOLHGHOHFWURPHFKDQLFDOORDGLQJV
RQWKHFUDFNIDFHV ~DUH JLYHQ LQ 7KH
FRQWLQXLW\ FRQGLWLRQ IRU VWUHVVHV DQG
HOHFWULF GLVSODFHPHQW DORQJ WKH FUDFN
SODQH LV LQGLFDWHG LQ (TXDWLRQV
GHVFULEHV ~WKH FRQWLQXLW\ RI WKH
GLVSODFHPHQWILHOGDQGWKHHOHFWULFSRWH
QWLDODORQJWKHFUDFN
SODQHRXWVLGHWKHFUDFN$OVRUHJXODULW\FR
QGLWLRQVILYHQE\

UHTXLUH WKDW WKH GLVSODFHPHQW DQG
HOHFWULF ILHOG UHPDLQ
ERXQGHGDQGWKHUHIRUHPXVWYDQLVKDVY,
ZIRHVWR ()

19,02/87,21352&('85(2)7+((0%("( &5$&.
352%/(0

7KHHOHFWURHODVWLFLW\HTXDWLRQLVDV\V
WHPRISDUWLDO GLIIHUHQWLDO HTXDWLRQV3'(V
WKDW QHHG WR EH VROYHG WR GHWHUPLQH
WKH XQNQRZQ YDULDEOHV QDPHO\ WKH
GLVSODFHPHQW ILHOG » v DQG WKHHOHFWULF
VFDODU SRWHQWLDOI1 7KH VWDQGDUG

JRXULHUWUDQVIRUPLVDSSOLHGZLWKUHVSHFW
WRWKHxFRRUGLQDWHDV
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+HUH s LV WKH )RXULHU WUDQVIRUP YDULDEOH
DQG #+DQG I

UHSUHVHQW WKH WUDQVIRUPHG XQNQRZQ
YDULDEOHV TKLV
WUDQVIRUPDWLRQUHGXFHVWKH3'(VILYHQE\WR
DV\VWHP

RI VL[WKRUGHU RUGLQDU\
HTXDWLRQV2'(V ZLWK

GLITHUHQWLDO

#+DQG I DV WKH GHSHQGHQW DQG z DV WKH
LQGHSHQGHQW

XaXa ZIWK X mEma

ZKHUH WKH FRHIILFLHQWYV « a
RQO\ RQ WKH

HOHFWURHODVWLFFRQVWDQWV

(PSOR\LQJ WKH )RXULHU WUDQVIRUP WKH
PL[HGERXQGDU\
YDOXHSUREOHPLVFRQYHUWHGLQWRWKHIROOR
ZLQIWKUHHLQWHJIUDO
HTXDWLRQVZLWKWKHXQNQRZQYDULDEOHVEHL
QJWKHMXPSVRIWKH
SK\VLFDOILHOGVDFURVVWKHFUDFNVXUIDFHV

DQG « GHSHQG

fx uxux
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ZKHUH WKH VXSHUVFULSW =/, 2 LV XVHG WR
GLIIHUHQWLDWH WKH
VROXWLRQVEHWZHHQWKDWFRUUHVSRQGLQIW
RWKHKDOISODQH zt DQG zd UHVSHFWLYHO\
7KHUHIRUH XVLQJ WKH QRQORFDO
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ZKHUHWKHH[SUHVVLRQVRIWKHNHUQHOV X K
DQG KLQWKH

LQWHJUDOHTXDWLRQVDUH

Kis, f'sDs
ZKHUH
nf def
o« « »
F«»fDQG D «def»
«»f «d e frYa

-1

+HUH d, s ¢,s DQG f;si DUH NQRZQ IXQFWLRQV
ZKLFKGHSHQGRQWKHPDWHULDOSURSHUWLHV

1RZWKHPL[HGORGHFUDFNSUREOHPKDVEHHQU
HGXFHGWRD V\VWHP RI WKUHH LQWHIJUDO
HTXDWLRQV JLYHQ WKDW FDQ EH

VROYHG WR GHWHUPLQH WKH XQNQRZQ
IXQFWLRQV fs fs

DQG s

$V WKH ODWWLFH SDUDPHWHU 3a” WHQGV WR
JHUR WKH QRQORFDO WKHRU\ DSSURDFKHV WKH
FODVVLFDORU ORFDO  WKHRU\ )URP D
PDWKHPDWLFDOVWDQGSRLQWDV3*a"WHQGVWR]
HURWKHNHUQHOVRI

WKH WKUHH LQWHJUDO HTXDWLRQV d;s ¢;s DQG
f s UHGXFH WR D QRQJHUR FRQVWDQW
UHVXOWLQJ LQ ’VLQJXODU’
LQWHJUDOHTXDWLRQV7KHVH*VLQIJXODU LQWH
JUDOHTXDWLRQVDUHWKH VDPH DV WKRVH
REWDLQHG TURP WKH FODVVLFDO
HOHFWURHODVWLFLW\
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WKHRU\7KHLPSRUWDQWDVSHFWLVWKDWZKHQ?
a’'LVQRWJHURWKH
LQWHJUDOHTXDWLRQVDUHQRWVLQIXODUDVL
QWKHQRQORFDOFDVHEXW
ZKHQ*a'LVHTXDOWRJHURWKHLQWHJUDOHTXDW
LRQVDUHVLQIXODU DV LQ WKH FODVVLFDO
FDVH 'XH WR WKLV IXQGDPHQWDO GLIIHUHQFH
EHWZHHQWKHWZRFDVHVGLIIHUHQWPHWKRGR
ORJLHVDUHJHQHUDOO\ UHTXLUHG WR VROYH
WKH VLQJXODU DQG QRQVLQIXODU LQWHJIUDO
HTXDWLRQV Q FODVVLFDO
HOHFWURHODVWLFLW\ WKHRU\ WKH
VLQIXODULWLHVPXVWEHH[WUDFWHGIURPWKH
NHUQHOVRIWKHVLQJXODU LQWHJUDO
HTXDWLRQV DQG D VROXWLRQ LQ WHUPV RI
RUWKRIJRQDO
SRO\QRPLDOVLVVRXJKW>@,QWKLVFDVHWKHUH
VXOWLQIVWUHVV
ILHOGLVVLQIJXODUDQGWKHUHVXOWVDUHLQJH
QHUDOJLYHQLQWHUPVRI
VWUHVVLQWHQVLW\IDFWRUVWKDWFDQEHXVH
GDVDIUDFWXUHFULWHULRQ
EDVHGRQOLQHDUHODVWLFIUDFWXUHPHFKDQL
FV+RZHYHUIRUWKH FDVH RI QRQVLQJXODU
LQWHJUDO HTXDWLRQV WKHUH DUH QR
VLQJXODULWLHV LQ WKH NHUQHOV DQG WKH
VWUHVV ILHOG REWDLQHG LV QRQVLQJXODU
8QOLNH FODVVLFDO WKHRU\ WKH FDOFXODWHG
VWUHVVHV
FDQSRWHQWLDOO\EHXVHGWRHVWDEOLVKDIUD
FWXUHFULWHULRQZLWKRXW
WKHQHHGIRUVWUHVVLQWHQVLW\IDFWRUV

HOHFWULFSRWHQWLDODUHH[SDQGHGE\WKHIRO
ORZLQJVHULHV

° x!l

ZKHUH a bn n DQG Cn
DUHXQNQRZQFRHIILFLHQWVDQG P,° 'x
)RUWKHGRPDLQ| xd/ ZKHUH fx i LVQRQJHURWKH

zknun YV 0, S'i'* n /n +HUH *» DQG
J,x DUH WKH *DPPD DQG %HVVHO IXQFWLRQV RI
RUGHU n

UHVSHFWLYHO\

%\VXEVWLWXWLQIJLQZHUHZULWHWRREWDLQ
WKH
IROORZLQJVA\VWHPRIHTXDWLRQVZKLFKFDQQRZE

HVROYHGIRU WKHFRHIILFLHQWYV a b, , DQGe,
E\WKH6FKPLGWPHWKRG
f
xS, x ddix1
LQZKLFK
‘EEE, n° aolJ aog,
« » Oy 5.7 b
*, «F F, W Fay U «»
«G G G Y/ «» VAW «»— Vaen
ZKHUHEF/, /GUV/ DQGW j DUH NQRZQ
IXQFWLRQV
,9 5(68/76%1",6&866,216
7KH PHFKDQLFDO VWUHVVHVW W DQG

HOHFWULF GLVSODFHPHQW D LQ WKH PHGLXP
DUH HYDOXDWHG E\ GHWHUPLQLQJ WKH
XQNQRZQFRHIILFLHQWV  a b, \
TURPDVH[SODLQHGLQ

VHFWLRQ ,,, 21 SDUWLFXODU LQWHUHVW LV WKH
FDOFXODWLRQ RI WKH
PHFKDQLFDOVWUHVVHVDQGHOHFWULFGLVSODF
HPHQWVLQWKHYLFLQLW\
RIWKHFUDFNWLSVDQGGHWHUPLQLQJWKHLUYD
ULDWLRQDVDIXQFWLRQ

RIWKHIXQFWLRQDOO\MUDGHGSDUDPHWHUE
ODWWLFHSDUDPHWHUa
DQGFUDFNOHQJWK/3=7+LVXVHGDVDPRGHOPDWH
ULDOIRU WKH FDOFXODWLRQV SUHVHQWHG
KHUH SURSHUWLHYV RI ZKLFK DUH

DQG

7%/,
HECNm HE CNm

A. Results Validation

,Q RUGHU WR YDOLGDWH WKH VROXWLRQ
PHWKRGRORJ\ DGRSWHG D
SDUWLFXODUFDVHRIDKRPRJHQHRXVPHGLXPLHZ
LWKDVPDOO YDOXH IRU QRQKRPRJHQHLW\
SDUDPHWHUE DQG YDQLVKLQJ
DSSUR[LPDWHOMRUEWHQGLQJWRJHUR)RUWKHVD

PHFDVH
IURPWKHSUHVHQWIRUPXODWLRQDYDOXHRILVR
EWDLQHGIRU WKHQRUPDOLJHGVWUHVVW W
ZKLFKLVLQH[FHOOHQWDJUHHPHQW
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VKRZV WKH FRPSDULVRQ RI WKH QRUPDOL]JHG
QRUPDO VWUHVVwWx W IRU D FUDFN HPEHGGHG
LQ DQ LQILQLWH
IXQFWLRQDOO\ JUDGHG PHGLXP VXEMHFWHG WR
XQLIRUP QRUPDO VXUIDFH WUDFWLRQW ZLWK o/
Gl 1 DQG E 7KH
B. Parametric Study
L
)LIVDFVKRZWKHYDULDWLRQRIQRUPDOL]HG
QRUPDO
VWUHVVWDQJHQWLDOVWUHVVDQGHOHFWU
LFGLVSODFHPHQWZLWKx
DQG LW LV FOHDU WKDW DOO TXDQWLWLHV
KDYH ILQLWH YDOXHV DW Xx r/ FUDFN WLSV
$OVR DOO TXDQWLWLHV RI LQWHUHVW DUH
DV\PPHWULF DFURVV x ZKLFK LV D UHVXOW
RI WKH
DSSOLFDWLRQRIWDQJHQWLDOWUDFWLRQRQWK
HFUDFNDVH[SHFWHG
LQDPL[HGORGHFUDFNVFHQDULR
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GDVKHGOLQH5HVXOWVDUHVKRZQIRUDFDVHRIDFUDF
NHPEHGGHGLQDQ
LQILQLWHIXQFWLRQDOO\JUDGHGPHGLXPVXEMHF
WHGWRXQLIRUPQRUPDO
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IR @/cl ! DQGE  XQGHUXQLIRUPFRPELQHG
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e
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35
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x/1
) LIDODULDWLRRMKHQRUPDOVWUYX W ZLWK
IR @/dl ! DQGE  XQGHUXQLIRUPFRPELQHG

PHFKDQLFDODQGHOHFWULFORDGLQJ

IRU « G/  DQGE XQGHUXQLIRUPFRPELQHG
PHFKDQLFDODQGHOHFWULFORDGLQJ

LL 7KH QRUPDO VWUHVV DQG WKH HOHFWULF

GLVSODFHPHQW ILHOGV
QHDUWKHLQQHUOHIWFUDFNWLSVDUHODUJ
HUWKDQWKHRQHVQHDU
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WKHRXWHUULJKWFUDFNWLSVDVVKRZQLQ)L
JVDDQGF
2QWKHRWKHUKDQGWKHWDQJHQWLDOVWUH
VVILHOGLVVPDOOHUDW
WKHLQQHUFUDFNWLSDVVKRZQLQ)LJE7KLVD
V\PPHWU\
LVGXHWRWKHSUHVHQFHRIKRUL]RQWDOPHF
KDQLFDOORDGLQJV RQWKHFUDFNVXUIDFHV

LY7KHQRUPDOLJHGVWUHVVHVDQGHOHFWULFGL
VSODFHPHQWILHOGV DW WKH FUDFN WLSV
WHQG WR GHFUHDVH ZLWK LQFUHDVH LQ
WKH
ODWWLFHSDUDPHWHUDVVKRZQLQ)LJVDF7K
HUHIRUHLW FDQ EH FRQFOXGHG WKDW )*30V
FKDUDFWHUL]JHG E\ KLIKHU
ODWWLFHSDUDPHWHUVDUHPRUHUHVLOLHQ
WWRIUDFWXUH

35 b

25 -

3 & -0.99
x/1
)LID/RFDOO\HQODUJHGJUDSKRI)LIDQHDUWKHFUDFNOH
IWWLS
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aldl

)LID(ITHFWRIWKHODWWLFHSDUDPHWHUGRQWKHQ
RUPDOVWUHVV W1/ W DORQJWKHFUDFNOLQHIRU /
DQGE XQGHU
XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFOR
DGLQJ

16 r

0 0.002 0.004 0.006 0.008 0.01 0.012
aldl

)LIE(IHFWRIWKHODWWLFHSDUDPHWHUaRQWKHWDQ
JHQWLDOVWUHVYV Wr/ WDORQJWKHFUDFNOLQHIRU

/ DQGE XQGHU
XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFOR
DGLQJ
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ald
JLIF(HIHFWRIWKHODWWLFHSDUDPHWHUaRQWKH
HOHFWULF
GLVSODFHPHQW b p DORQJWKHFUDFNOLQHIRU !

DQGE
XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHF
WULFORDGLQJ

Y JRUWKHFDVHRI az

DWWKHFUDFNWLSVILQLWHYDOXHVRI
ILHOGTXDQWLWLHVDUHREWDLQHGDVVHH
QIURP)LISOVRLW
LVFOHDUWKDWDV?a’WHQGVWR]JHURWKHYD
OXHVRIWKHILHOG
TXDQWLWLHVLQFUHDVHUDSLGO\ZLWKGHF
UHDVLQJYDOXHVRPa' ,Q WKH FODVVLFDO
OLPLW ZKHQ « LW LV NQRZQ WKDW WKH
VWUHVVHV DQG HOHFWULF
GLVSODFHPHQWYV DUH VLQIXODU DW WKH
FUDFNWLSVDQGWKHREVHUYDWLRQVLQ)LJS
URYLGHDJRRG
TXDOLWDWLYHDJUHHPHQWZLWKWKHFODV
VLFDOWKHRU\
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YL :LWK /G KHOG FRQVWDQW WKH YDOXHV RI
WKH QRUPDOLJHG

YLL

VWUHVVHV DQG HOHFWULF GLVSODFHPHQW
DW WKH FUDFN WLS
LQFUHDVHZLWKLQFUHDVLQJFUDFNOHQIWK
IDVVKRZQLQ)LJ

,WLVHYLGHQWIURPWKHGLVFXVVLRQLQLYD
QGYLWKDWWKH PD[LPXP VWUHVV GHSHQGV
RQ WKH ODWWLFH SDUDPHWHUa« ZKLFK LV
DQ LQWHUQDO OHQJWK VFDOH UHODWHG
WR WKH
PLFURVWUXFWXUHRIWKHPDWHULDODQGW
KHFUDFNOHQJWK/ ZKLFK LV DQ H[WHUQDO
OHQIWK VFDOH UHODWHG DW WKH
PDFURVFRSLFOHYHO+HQFHLWFDQEHFRQFOX
GHGWKDWWKH
PD[LPXPVWUHVVHVFDOFXODWHGWKURXJK(
ULQJHQYVQRQORFDO IRUPDOLVP HQDEOH
WKH XQLILFDWLRQ RI PDFURVFRSLF DQG
PLFURVFRSLFVFDOHV

YLLL)URP)LJVDDQGFLWLVFOHDUWKDWIRUE!
WKH

L

QRUPDOLJHG VWUHVVHV DQG HOHFWULF
GLVSODFHPHQW DW WKH FUDFN WLSV WHQG
WR LQFUHDVH ZLWK LQFUHDVLQJ
JUDGLHQW SDUDPHWHU S$OVR IRUE  WKH

YDOXHV LQFUHDVH ZLWK
UHGXFWLRQ RI WKH JUDGLHQW SDUDPHWHU
7KH PLQLPXP
YDOXHVDUHDWWDLQHGFORVHWRE
8QOLNHQRUPDOVWUHVV

DQG HOHFWULF GLVSODFHPHQW WKH
WDQIJHQWLDO VWUHVV ILHOGV
YDU\DOPRVWOLQHDUO\ZLWKWKHJUDGLHQ
WSDUDPHWHU)LJ

E7KHUHIRUHWKHJUDGLHQWSDUDPHWHUE
FDQEHXVHG
WRFRQWUROWKHVWUHVVDQGHOHFWULFG
LVSODFHPHQWILHOGVDW WKHFUDFNWLSV

$VVHHQIURP)LIWKURXJK(ULQJHQJVQRQORF
DOWKHRU\
SURYLGHVDPD[LPXPYDOXHIRUWKHVWUHVV
HVDQGHOHFWULF ~ GLVSODFHPHQW ZKHQ
VWXG\LQJ  PL[HGORGH  FUDFNV  LQ
)*30V7KHGLVWULEXWLRQRIWKHILHOGYDUL
DEOHVLVGHYRLG RI VLQJIXODULWLHV DW
WKH FUDFN WLSV ZKLFK LV LQ GLUHFW
FRQWUDVW WR ZKDW LV H[SHFWHG IURP
FODVVLFDOEDVHG RQ ORFDO DVVXPSWLRQ
DQG  PLFURSRODU >@  FRQWLQXXP
WKHRULHV 7KH LQGHWHUPLQDWH QDWXUH
RI VWUHVVHV DW WKH
FUDFNWLSVLVDPDMRUGUDZEDFNRIWKHVH
WKHRULHVPDNLQJ

LWGLIILFXOWWRDWWULEXWHDXQLTXHYDO
XHIRUWKHPD[LPXP VWUHVV LQ WKH
PDWHULDO LQ WKH SUHVHQFH RI FUDFNV
JKHUHIRUH ERWK FODVVLFDO  DQG
PLFURSRODU FRQWLQXXP
WKHRULHVIDLOWRHVWDEOLVKDEULWWOHI
UDFWXUHFULWHULRQEDVHG RQ  WKH
PD[LPXP VWUHVV  K\SRWKHVLV 7KLV
SURPSWHG WKH
LQYHVWLIDWRUVWRFRQVLGHURWKHUDOW
HUQDWLYHVIRULQVWDQFH WKH SRSXODU
*ULIILWKYV FULWHULRQ ZKLFK LV EDVHG RQ
FRQVLGHUDWLRQV RI HQHUJ\ EDODQFH >@
2Q WKH RWKHU KDQG DV PD[LPXP
VWUHVVHV FDQ EH HYDOXDWHG LQ WKH
QHLJKERUKRRG RI WKH FUDFN WLSV
WKURXJK (ULQJHQV
QRQORFDOWKHRU\DIUDFWXUHFULWHULRQE
DVHGRQPD[LPXP
VWUHVVK\SRWKHVLVFDQEHHVWDEOLVKHG
>@(ULQJHQHWDO >@ DQG (ULQJHQ >@
LQYHVWLIDWHG UHVSHFWLYHO\ WKH ORGH,
DQG ORGH, FUDFN SUREOHPV LQ DQ
LVRWURSLF
KRPRJHQRXVPHGLXP)RUWKHORGH,SUREOHP(
ULQJHQ HW DO >@ VWLSXODWHG D
[UDFWXUH FULWHULRQ EDVHG RQ WKH
PD[LPXPVWUHVVK\SRWKHVLVZKLFKVWDWH
VWKDWWKHFUDFN
EHFRPHVXQVWDEOHZKHQWKHFDOFXODWH
GPD[LPXPQRUPDO VWUHVV W,y H[FHHGV
WKH FRKHVLYH VWUHQJWK W. RI WKH

FUDFNEHFRPHVXQVWDEOHZKHQWKHFDOFXODW
HGVKHDUVWUHVV

Wy H[FHHGV WKH FRKHVLYH VWUHQIJWKW. 7KH
FRKHVLYH

ORGH IUDFWXUH RI )*30V (ULQJHQYV PD[LPXP
VWUHVV
TUDFWXUHFULWHULRQFDQQRWEHH[WHQGHGLQ
DVWUDLJKWIRUZDUG PDQQHU DQG QHHGV
IXUWKHU FRQVLGHUDWLRQ DQG FDQ IRUP
SDUWRIIXWXUHLQYHVWLIDWLRQV
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XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORD
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W r/  WDORQJWKHFUDFNOEQHI DQG  XQGH

WDQJHQWLDOV! w DORQIWKHFUDFNOYQHI  DQG
XQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORD ;¥ OGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFOR
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DQG /
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XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHF
WULFORDGLQJ

,QWKHSUHVHQWZRUNWKHPL[HGORGHIUDFWX
UHSUREOHPRID )*30 KDV EHHQ VROYHG ZLWKLQ
WKH IUDPHZRUN RI QRQORFDO
FRQWLQXXPPHFKDQLFVHPSOR\LQJ(ULQJHQJVQR
QORFDOHODVWLFLW\
PRGHO$QHOHFWULFDOO\LPSHUPHDEOHFUDFNLV
HPEHGGHGLQDQ

LQILQLWHO\ HIWHQGLQJ )*30 DQG LV VXEMHFW WR HOHFWUR
PHFKDQLFDO ORDGLQJV %\ XVLQJ )RXULHU WUDQVIRUPV WKH JRYHUQLQJ HTXDWLRQV DUH
FRQYHUWHG LQWR D V\VWHP RI WKUHH LQWHJUDO HTXDWLRQV ZKHUH WKH XQNQRZQV DUH

WKH MXPSV RI

FUDFN 7KH  XQNQRZQV  DUH

PHFKDQLFDOGLVSODFHPHQWDQGWKHHOHFWULFSRWHQWLDOVDFURVVWKH
H[SDQGHG
SRO\QRPLDOVWRREWDLQDV\VWHPRIOLQHDUDOJHEUDLFHTXDWLRQV

DV D VHULHV RI

WKDW

-DFREL
DUH

VROYHGE\XVLQJ WKH 6FKPLGW PHWKRG 5SHVXOWV VKRZ
WKDW WKH VWUHVVHV DQG HOHFWULF GLVSODFHPHQW ILHOGV WKURXJKRXW
XQGHUXQLIRUPFRPELQHGPHFKDQLFDODQGHOHFWULFORDGLQJ

WKDW WKH PD[LPXP VWUHVV DQG HOHFWULF
GLVSODFHPHQW QHDU WKH
FUDFNWLSVGHSHQGVRQWKHIXQFWLRQDOO\JUD
GHGSDUDPHWHUFUDFN OHQJWK DQG ODWWLFH
SDUDPHWHU (VWDEOLVKLQJ D EULWWOH
IUDFWXUH
FULWHULRQIRU)*30VEDVHGRQWKHPD[LPXPVWU
HVVK\SRWKHVLV
LVDSURPLVLQJGLUHFWLRQIRUUHVHDUFKDQGFD
QEHSXUVXHGDV SDUWRIXWXUHZRUN

$&.12:/(*0(17

7KHVHFRQGDXWKRULVJUDWHIXOIRUWKHVXSSR
UWSURYLGHGE\
7H[DV$08QLYHUVLW\DW4DWDU

50(5(18(6
*DXWVFKL * 3LHJRHOHFWULF 6HQVRULFV 6SULQIHU9HUODJ
%HUOLQ +HLGHOEHUJ
'HHJ 7KH DQDOWLV RI GLVORFDWLRQ FUDFN DQG
LQFOXVLRQ
SUREOHPVLQSLH]RHOHFWULFVROLGV3K'WKHVLV6WDQIRUGS
QLYHUVLW\

WKHSUREOHPGRPDLQLQFOXGLQJWKHFUDFNWLSV

DUHGHYRLGRIDQ\

VLQJXODULWLHVXQOLNHHOHFWURHODVWLFLW\I

UDFWXUHSUREOHPVVWXGLHG YLD
FODVVLFDORU ORFDO HODVWLFLW\ WKHRULHV
7KH SUHVHQW
IRUPXODWLRQ XVLQJ (ULQJHQYV QRQORFDO
WKHRU\JLYHV ILQLWH
YDOXHVIRUWKHPD[LPXPVWUHVVLQWKHYLFLQL
W\RIFUDFNWLSV=
WKXV PDNLQJ LW SRVVLEOH WR HPSOR\ WKH
PD[LPXP VWUHVV
K\SRWKHVLVWRHVWDEOLVKDIUDFWXUHFULWH
ULRQ,WLVDOVRREVHUYHG
6RVD + 30DQH 3UREOHPV LQ 3LHJRHOHFWULF 0HGLD ZLWK
'HIHFWV
,QWHUQDWLRQDO-RXUQDORI6ROLGVDQG6WUXFWXUHV
)(UGRIDQ)UDFWXUHPHFKDQLFVRIIXQFWLRQDOO\JUDGHGPDW
HULDOV
&RPSRV(QJ+
&KXH&+2X</0RGH,,,FUDFNSUREOHPVIRUWZRERQGHG
IXQFWLRQDOO\ JUDGHG SLHJRHOHFWULF PDWHULDOV
JQWHUQDWLRQDO -RXUQDO RI 6ROLGVDQG6WUXFWXUHV+
+VX + &KXH &+ ORGH ,, TUDFWXUH SUREOHP RI DQ
DUELWUDULO\RULHQWHGFUDFNLQD)*30VWULSERQGHGWRD)
*30KDOISODQH
,QWHUQDWLRQDO-RXUQDORIGROLGVDQGEWUXFWXUHV+
&KHQ<-&KXH&+0RGH,,,JUDFWXUHSUREOHPRIDFUDFNHG
Y*30VXUIDFHOD\HUERQGHGWRDFUDFNHG)*30VXEVWUDWHS$U
FKLYHRI $SSOLHGOHFKDQLFV,VVXH
8HGD 6 (OHFWURPHFKDQLFDO LPSDFW RI DQ LPSHUPHDEOH
SDUDOOHO
FUDFNLQDIXQFWLRQDOO\JUDGHGSLH]RHOHFWULFVWULS(XU
RSHDQ-RXUQDORI 0HFKDQLFV$6ROLGV
=KRX=*&KHQ=77KHLQWHUDFWLRQRIWZRSDUDOOHOORGH,
OLPLWHGSHUPHDEOHFUDFNVLQDIXQFWLRQDOO\JUDGHGSLH]
RHOHFWULFPDWHULDO
(XURSHDQ-RXUQDORIOHFKDQLFVS$6ROLG=
EHKDYLRU RI D PL[HGORGH FUDFN LQ D IXQFWLRQDOO\
JUDGHG PDJQHWR=
HOHFWURHODVWLFPDWHULDOE\XVHRIWKHQRQORFDOW
KHRU\7KHRUHWLFDODQG
$SSOLHG)UDFWXUHOHFKDQLF V-
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ORFDOWKHRU\,QWHUQDWLRQDO-
RXUQDORI(QILQHHULQI6FLHQFH=
DUHZHULJKWQRZ"(QILQHHULQJ)UDFWXUHOHFKDQLFV
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